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It's well known that in conformal theories the two- and three-point functions of a subset of 

^ the local operators — the conformal primaries — suffice, via the operator product expansion 

p (OPE), to determine all local correlation functions of operators. It's less well known that, in 

fH superconformal theories, the OPE of superdescendants is generally undetermined from those 

of the superprimaries, and there is no universal notion of superconformal blocks. We recall 

►^ these and related aspects of 4d (S)CFTs, and then we focus on the super operator product 

I~^ expansion (sOPE) of conserved currents in 4d A/" = 1 SCFTs. The current-current OPE 

t^ J(a;)J(0) has applications to general gauge mediation. We show how the superconformal 

1^ symmetry, when combined with current conservation, determines the OPE coefficients of 

O superconformal descendants in terms of those of the superconformal primaries. We show 

▼—I that only integer-spin real superconformal-primary operators of vanishing R-charge, and 

.^ their descendants, appear in the sOPE. We also discuss superconformal blocks for four- 

rN point functions of the conserved currents. 
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1. Introduction 

There are many examples of 4d (super) conformal theories ((S)CFTs). Some have micro- 
scopic Lagrangian descriptions, e.g. J\f = 1 SQCD in the conformal window fTj or A/" = 4 
SYM, while others need not (e.g. p]). Even if there is a microscopic description, it's gen- 
erally of limited use, because of strong coupling effects. The "observables" of conformal 
theories are the spectrum of operators Oi, their operator dimensions Aj, and their operator 
product expansion (OPE) coefficientsF] the cf • in 



ct tr^ c!^ 



o.{x)o,{0) = J2-k;:^1^,o,{0)= Y: -K;^t^Ft^S^^P)om- (1.1) 



a; '"^ •? *= ^ — ' X 

Oj, primary 
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Conformal symmetry implies that all local operator correlation functions are fully deter- 
mined, via the OPE, by the n < 3-point functions of a subset of the operators, the pri- 
maries. In particular, conformal symmetry relates the OPE coefficients of descendant oper- 



Afc 



ators to those of the primaries, with determined functions F^''^,{x, P) in (1.1). The OPE 



I "J 



expansion (1.1) is exact in CFTs, and determines all correlation functions of local oper- 
ators. We're here interested in 4d A/" = 1 SCFTs, where the additional symmetry yields 
additional relations among OPE coefficients. 

Conformal or approximately conformal theories are intrinsically interesting, and have 
various possible applications to high energy physics and beyond the Standard Model (BSM) 
model building, to perhaps help mitigate various model building challenges. For example, 
invoking running effects with 0{1) anomalous dimensions could help suppress or enhance 
otherwise finely tuned quantities or ratios. Examples include sequestering [s], achieving 
flavor hierarchy from anarchy J4], and n/B^ in gauge meditation (sl. Furthermore, flow- 
ing near an approximate CFT could help lead to useful scale separations or interesting 
phenomenology, e.g. in walking technicolor or unparticles with mass gaps. 

Our discussion here is particularly motivated by possible applications to general gauge 
mediation (GGM) [6], where one is interested in current-current two-point functions like 



(J(x)J(O)). 4d A/" = 1 supersymmetry conserved currents j^ reside in real supermultiplets 

J{z) = J{x) + tOjix) - lOjix) - Oa^Oj^ix) + ■ ■ ■ , (1.2) 

where ■ • • are derivative terms, following from the conservation equations D^J' = D^J = 0. 
The operatoin J{x) = J'\ is a real superconformal primary, with dimension Aj = 2, and 



^Thcrc are also non-local observables, like Wilson loops, but we will not discuss them here. 
^We use I to denote the bottom component, setting all 9,6 = 0. 



the conserved current j^(a;) is among its descendants. Here Jn{x) is a global current of 
the CFT (that could later be weakly gauged as in GGM). With this application in mind, 
we will here consider general aspects of the super OPEs of these operators in 4d A/" = 1 
SCFTs. We will discuss applications to GGM in detail in a separate paper [?]. 

The leading short-distance terms in the OPE of J^{z) with operators have universal 
coefficients, fixed in terms of the charges. As we'll recall, this is similar to the universal 
coefficients in OPEs involving the conserved Tfj,{z) [/(l)K-plus-stress-energy-tensor super- 
multiplet [s] of SCFTs, which was considered e.g. in (9}jII]. The leading terms in the OPE 
of the bottom, primary component of currents with themselves take the form 

U^)MO) = r^^^ + ^Y^^ + fa»c^^^ + c.,^^ + ■ ■ ■ , (1.3) 

with a an adjoint index for the (say simple) group G. In what follows, we often suppress 
the group adjoint index, or simply take G = U{1) since the generalization is fairly straight- 
forward. For the moment, we just want to illustrate a point with the symmetric dabc and 



the structure function terms fate in (1-3) 



Conformal symmetry relates terms in the OPE. In the non-SUSY case, the coefficients 
of all descendant operators are fully determined from those of the primary operators, as 
was worked out (in many different ways) in the 1970s, see e.g. |l2]. It is natural to expect 
that (i) the SUSY version should be completely analogous and (ii) that it must have long 
ago been worked out for general operators. But both statements are untrue! This follows 
from the works of Hugh Osborn and collaborators, but it has not been very explicitly 
discussed in the literature, and it comes as an initial surprise to many experts. 

The OPE is related to operator two- and three-point functions, and the fact that non- 
SUSY conformal descendant terms are uniquely characterized by the primaries is related to 
the fact that conformal symmetry can be used to map any three operator-insertion points 
a;5'2 3 to wherever one pleases. The constraints of (non-SUSY) conformal symmetry on 
operator two- and three-point functions, in general spacetime dimension d, were studied 
in [Is], including the additional constraints coming from Ward identities for conserved 
quantities like j^ or T^^. 

That the OPE coefficients of superconformal primaries are generally not sufficient to 
determine those of the superdescendants can likewise be understood from their relation 
to operator two- and three-point functions. The 4d A/" = 1 superconformal constraints 
on operator two- and three-point functions were analyzed, using a superspace analysis 
by Osborn |11|, and we'll here review, and heavily use, his framework. A quick way to 
understand why superdescendant three-point functions are generally not fully determined by 



the primaries is to note that A/" = 1 supertranslations and superconfornial transformations 
only suffice to ehminate the Grassmann coordinates at two points in superspace — the third 
Grassmann coordinate in three-point functions remains. This explains the existence of the 
nilpotent three-point function superconformal invariant building blocks, G and G, found in 
superspace in [IT] (see also [l4]). 

As an illustration, consider the superspace expression for current three-point functions 
11 , capturing the G structure functions fabc and TrG^ 't Hooft anomaly fc. 



{Ja{zi)Mz2)Jc{zz)) 
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(1.4) 
with notation reviewed in section 3.1 For now we will just say that X — X = 4iGG, with 



G ~ 9's in superspace. The fate terms in (1.4) do not contribute if we restrict (via ^ — )• 0) 



to superconformal primary components, but do contribute for superdescendants. Explicitly, 



in (1.3), the fate term is a descendant coefficient that is unrelated to the kdabc primary 



coefficient. In (1.4) the G dependence is at least determined by G symmetry. For general 
operators, the G dependence is ambiguous, not fully determined by the symmetries. 

We will here study the general constraints of superconformal symmetry on the two- 
and three-point functions relevant for the J{x)J{0) sOPE, and how the sOPE coefficients 
are obtained from these correlators. We will do this both using the superspace results 



of Osborn 11 for the relevant two- and three-point functions, and also directly from 
the superconformal algebra. As we'll discuss, the fact that the currents are conserved 
here allows the superspace G dependence to be completely fixed. Thus, the coefficients 
of the superconformal primaries in the J(x)J(0) OPE suffice to fully determine all OPE 
coefficients of all descendants. We will also show that the only operators contributing 
on the RHS of the J{x)J{0) OPE are integer-spin real f/(l)ij-charge-zero superconformal 
primaries, O'^^-'^^ and their superdescendants. 

The paper is organized as follows: section |2] briefly reviews the aspects of the OPE in 4d 
CFTs that we will use in the following discussion. Section [3] discusses superconformal theo- 
ries, and the constraints of superconformal symmetry on two- and three-point functions and 



the OPE. The superspace formalism of 11 , and the recent results about chiral-chiral and 
chiral-anti-chiral OPEs 15 17 , are reviewed. In section |4] we consider the current-current 
OPE, showing how the additional constraints of the current's conservation constrains the 
{J JO) three-point functions, and hence the OPE. We show that only real, f/(l)R-charge 
zero, integer-spin operators 0^^\ and their superconformal descendants, can appear on the 
RHS of the J(x) J(0) OPE. We show that the OPE coefficients within each supermultiplet 



are fully specified by a single OPE coefficient. The dependence on the nilpotent invariant 
mentioned above is here fully determined by the J current conservation. 

In section |5] we discuss aspects of four-point functions and their conformal blocks, where 
the four-point function is factorized into an OPE sum of intermediate operators, and their 
descendants, in the s, t, or u channel. In A/" = theories, the contribution of an inter- 



mediate primary operator of dimension A and spin t is given by a known function 18 
gA,e{u,v), which accounts for the sum over descendants and is independent of the external 
operators. There is no general analog of such a general "superconformal block" in SCFTs, 
because of the generally ambiguous dependence on the super-descendants in the sOPE. 
This ambiguity is resolved when the external operators are in reduced multiplets, in par- 



ticular the chiral and anti-chiral multiplets discussed in 16 and the conserved currents 
discussed here. The superconfomal blocks, then, depend on the type of external states. We 
review the results of 16 for A/" = 1 superconformal blocks Q'^^ , and briefly mention 
how Q'^f differs. Then we discuss the J\f = 1 superconformal blocks for Q^^' and 
SaI ■ Finally, we discuss these quantities in A/" = 2 SCFTs, where they are related by 
the additional SU{2)j symmetry. 

Section [6] summarizes our flndings and discusses possible applications of the results. 
Finally, appendix [A| summarizes some of the relations of the (super) conformal algebra, and 
our sign conventions. 



2. Review of OPE results in the non-SUSY case 

Aspects of CFTs and the OPE are discussed in many references and reviews. We will here 
review, for completeness, some of the main points for our later use. We summarize the 
algebra and our sign conventions in appendix |Xj 

2.1. Primaries and descendants and their two- and three-point functions 

Representations of the conformal group are built by regarding P^ and i^^ as raising and low- 
ering operators, respectively; they raise or lower operator dimension by one unit. Each irre- 
ducible representation has a lowest, "quasi-primary" operator at the bottom, which is anni- 
hilated by all lowering operators at the origin, x^ = 0. (The origin is a distinguished point, 
as the flxed point of scale transformations.) The quasi-primary has an associated tower of 
"descendant" operators above it, generated by [-P^,*]; this accounts for the fact that the 
operators can anyway be translated to a general point via 0\x) = e~*^'^(9^(0)e*^'^'. 



Conforinal symmetry completely determines the form of the n < 3-point functions, in 
terms of the operator dimensions, up to the overall normalization coefficients. This follows 
from the fact that conformal transformations can be used to map any three points x^2 3 
to wherever one pleases. For example, we can use translation symmetry to map x^ = 0, 
and special conformal symmetry to make ^3=0x3, and then use Lorentz symmetry and 
dilatations to map Xg to a canonical unit vector. 

Scale invariance implies that the only non-zero one-point function is that of the identity 
operator, which is the only operator with A^ = 0: 

{Oa{x)) = 6a,o, Oo = 1. (2.1) 

The two-point functions of primary operators take the form 

{Orix,)0'/{x,)) = ^P-^^(x,,), xf^ ^ xf - x;, r,, ^ x^. (2.2) 

Here Cij are constant normalization coefficients, the analog of the Zamolodchikov metric 
on the space of deformations in 2d. Conformal symmetry implies that Qj vanish unless 
the two operators have the same operator dimension, Cjj oc S^-^/\., and of course the same 



spin. The Sij in (2.2) are Lorentz indices and P^'-^^{x) is an appropriate representation of 



the rotation group, e.g. P = 1 for scalars or, taking both operators to have spin £, with 



Si = (/^i . . . /i£) and Sj = (z^i . . . z/^), both symmetrized and traceless 13 



P'^'Ux) = /(^i^i(x) ■ ■■I^'"''\x), I^'^ix) = 7]^"" - 2^^, (2.3) 

x^ 

with the Lorentz indices symmetrized and traceless. 

Conformal symmetry implies that primary operator three-point functions have the form 

ij ik jk 

where Cijk are constants and P^^'^^^''{x) is a fixed tensor depending on the Lorentz spins of 



the operators, e.g. P = 1 for scalar operators, that is determined in 13 . Of course, (2.4) 



reduces to (2.2) if any of the operators is the identity, so coij = Cij. A case of particular 



interest here is for two scalar primaries and one spin-£ primary operator, where the explicit 



form of (2.4) is 

mx.)o,{x,)oi^--^x,)) = ,,,^.,^_,,.., ,,^:'1,^^_., ...,..._. ^^"^^- ■ ■ ■ z^^ 

(2.5) 



ij ik jk 



where Aj^ = Aj — A^, and 



Z^" = 






Z' = ^^, (2.6) 

'ik jk 'ik'jk 

which is called X^^ in the notation of 113] and Xj^lgg^Q in the notation of illj that we'll 
use shortly. 



The primary two- and three-point functions (|2.2|) and (|2.4|) fully determine those of all 

j 



descendants. For example, we can replace 0'^,^{xj) with [P^, 0^^(a;j)] = id^O^Mxj) in (2.2) 



and (2.4) simply by taking id/dx^ of the LHS. 

The above expressions can be written in terms of (radial quantization) states: using 
translation symmetry to map Xi — )■ 0, the (say scalar) operator Oi{xi) creates an in-state, 



\imOi{xi)\Q) = \0,). 



Xi^O 



(2.7) 



Using conformal symmetry to map Xj — )■ oo, Oj{xi) likewise creates an out-state. 



2A, 



lim (0|Cj(xj)xp = (C 



]\-> 



(2.8) 



2A 



where the a;- ■' factor follows, for example, via an inversion, x' = x^/x , with O'Ax') 



n''"{x)^^Oj{x), fi'"^(x) = x2 (see appendix |A|) , which maps ^1^ to (Q. Then, (|2^ and 
(2.5) give (taking {xi,Xj,Xk) —^ (0, cxd,x), ( |2.6 ) gives Z^^ — )■ x^/x"^) 



{0,\0[^'-^'\x)\0,) 



Cijk 



/'^2U(Ai+Aj-Afc+£) 



-jjC/'i . . . 2;''^) 



2.2. The OPE; descendants from primaries 

The OPE contains precisely the same information as the two- and three-point functions: 



orix^o^x, 



-1 + E- 



c 



u 



k' r. 



V 

(A.+Aj-A;,,) 



[i^5'(x.„P),0,,](^'=')(x,). (2.9) 



«j 



The function Ffj {xij, P) gives the coefficients of the descendant operators and depends only 
on the operator dimensions Aj j^/ and spins Sij^k'- Taking expectation values of both sides 



yields (2.2) from the unit operator Oq = 1 on the RHS of (2.9), so Cij = q^. 



To relate the OPE (2.9) to the three-point functions (2.4) we multiply both sides of 



(2.9) by Ol''{xk) and then, taking the expectation value, use (2.2) to evaluate the remaining 
two-point function {OlY {xj)Ol''{xk))- This gives the relation 

k'k 



k' 
^ijk ^ij ^kk' ; 



or equivalent ly 



ij ^ijk'C 



for primaries. 



(2.10) 
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where d'^ Ck'm = ^my summing the dummy index k'. It follows from (2.10) that, e.g. 



«j 



ki m 



(2.11) 



The relations (2.10) follow from matching the OPE (2.9) to merely the leading Xj,- — )■ 



dependence in the three-point functions (2.4). This leading dependence comes from restrict- 



ing to primary operators on the RHS of the OPE, dropping the [-P/^,*] descendant terms. 
Matching to the full Xjj, Xjk-, and Xik dependence in ( |2.4 ) will determine the coefficients 



of all the [-P/i,^] descendant terms, i.e. the function F^^^Xij.P), in the OPE (2.9). These 
functions incorporate also the spin dependence, which is a complication that we won't need 
to deal with in full generality. It'll suffice here to focus on the OPE of scalar operators. 

Consider then the OPE of two scalar operators, which generally includes non-zero 
integer-spin-£ primary operators Q^^^''^'^' (with symmetrized indices) on the RHS, 



Oi{xi)Oj{x, 



c: 



'2 /?"*='■ ,r 



i]i 



P),.. 









(2.12) 



The (odd) even spin d. terms are (anti-) symmetric under Oi ^ Oj. For simplicity, consider 
first the spin i = primary operators on the RHS, 



0,{x,)0,{x,) dY.- 



oir" % 



U^^ 



-Afe/) 



F^Ux..,,P)Oy{x,). 



(2.13) 



The function F^K,{x,P) satisfies F^K,{x = 0,P) = 1, to give the leading Xij — )■ singu- 
larity from the primary O^'- The higher-order terms in F account for the OPE coefficients 
of (9fc''s descendants, which are fully determined by the conformal symmetry; reproducing 
the three-point functions gives one derivation [l2j: we multiply (2.13) by Ok{xk) and take 



expectation values of the resulting two-point function using (2.2), with P = 1 for this scalar 



case, and then require that the result reproduces the three-point functions (2.4), again with 
P = 1. This determines that, for this scalar case. 



[X. 



iji 



P -)■ id^ 



(-;<|(Afc+A,-A3),|(Afc-A,+Aj) 



ij, 



5.,), 



(2.14) 



where the function on the RHS is defined to be the solution of 

1 1 



C 



ab I 



•^ij ; (-^Xj , 



'jk 



''^ik'^^jk 



(2.15) 



(see e.g. [15j for details, as well as the generalization for the general spin-£ operators) such 



that (2.12) reproduces the three-point functions (2.5). 



One can also obtain the functions F^*^ (x,P) that capture the descendant OPE coef- 
ficients by requiring that [-K"^,*] gives the same result when taking * = the LHS and the 



RHS of (2.13). Using the algebra and action of K^, given in appendix |A[ this gives 



i{x'^dfj_ — 2x^x ■ d — 2AjX^ 




2U(Ai+Aj-Afe) 



2U(Ai+Aj-Afc) 



[X 



[K„F^^.ix,P)], (2.16) 



treating the primaries Ok as a basis of independent operators. This equation can be solved 
exactly, see the original papers 12 . As an expansion in powers of x, it is straightforward 



to use the algebra to see that (2.16) is solved by 

'Ak + Ai-A, 



Fa^aM^P) 



Ak 



X- P 



2.3. Conserved- current leading OPE singularities from their charges 

The normalization of conserved currents, their leading OPE with other operators and them- 
selves, is determined in terms of the operator's conserved- charge value. Conserved currents 
j^(x) are real, spin-£ = 1, Ajm = 3 operators. For simplicity, consider first the case of a 
U{1) current, j^(x), in the three-point function with a scalar operator of f/(l) charge go. 

Coot Z^ 



{0{x{)0\x2)n^,)) = -iqo- 



27r2 



-i„ 



12 



^^13^23 



(2.17) 



where we use (2.5). The i is needed for j'^ to assign the correct charge to the operator, and 



it ensures that (2.17) is Hermitian with the exchange xi ^ X2, which takes Z^^ — )■ —Z^. 



More generally, the OPE of a conserved current j!^(a;) with primary operator Oi{x) (a is 
an adjoint index and / runs over O's representation) is 



X/, 



fAx)Oi{Q) = -2(t^)„-^Oj(0) +less singular 



2t{'^x 



(2.18) 



where t^ is the representation of the operator; for a f/(l) current, to = qo the ^(1) charge, 
and we take (9 to be a Lorentz scalar for simplicity. For an operator J'^ in the adjoint 
representation, (t'^)hc = ifabc so (2.18) becomes 



]l{x)J\'d) = r'"'7^^f^Jc{0) + less singular. 



27r^a; 



(2.19) 



Using (|2.11D with (|2.18|) determines the coefficient of jf^ on the RHS of the O\{x)Oj{0) 



OPE. In particular, (2.19) leads to the fate term on the RHS of (1.3). 



The OPE of the stress-energy tensor with the operator is [13] 



T^u{x)O{0) = -2Ao^^^^^—fl^O{0) + less singular. 



(2.20) 



It follows from (|2.17D and (|2.20D and (|2.11|) that (using ctt = 40c/7r 



Ot(x)C(0) 



Coto ^ . 27r c^tcia;^ 



„2Af 



Aa:?:r^^^S?^T,.(0) + 



(2.21) 



These relations between the leading singularities and the charges can be shown, much 
as in 2d, by computing the charge operator by integrating the current over a spatial 5*^ in 
radial quantization, and then using the OPE where it hits the other operators. Properly 
regulated, this yields the commutator of the charge with the operator and the leading 
singularity gives the operator's charge value. Equivalently, the leading term coefficients in 



(|2.18|) and (|2.20|) are fixed as they give the correct contact terms in the conserved current's 

by treating the x — > 



Ward identities for d^jn, d^T^u, and TJ^. This can be shown 



13 



singularities in (|2.18|) and (|2.20|) with differential regularization 19 
1 



and for 2?] — > 4 



1 



/i 



2r}-A 



4-2?7 



27r2(5(^)( 



X] 



-d' 



1 



/i 



2r?-4 ]^ 



4-2r/ V2r/- 2x2^-2 



x^ 



-a' 



In(/i2x2) 

^X"*/ 4 \X^ 

The normalization of the currents is fixed by the above conditions, that their OPEs 
with operators give the correct operator charges. The leading singularities in the self- 
OPEs j)J(a;)j^(0) and T^;^(a;)Tpo-(0) are similarly determined from Ward identity contact 
terms. The current-current OPE leading terms are 

{x)xx 



J»m = 3r°^^l + Vf^^fM + kdf^''^^" 



-fM + 



(2.22) 



where /"* are the group structure constants, and kdf' is the coefficient of the TrG^ 't 
Hooft anomaly. The leading terms in the stress-tensor self-OPE are more involved to write 
out, because of all the indices, see 13 . The terms ~ 1/x" for integer n contribute to 
the conformal anomaly (T '^) when the operators are coupled to background sources, see 
for a nice discussion. In particular, r"-^ = t6°'^ gives the contribution to (T^) when 



20 



e.g. 

j^{x) are coupled to external sources A^(a;), 



which shows that r gives the contribution to 
the one-loop beta function for the gauge coupling if the G symmetry is weakly gauged. 



3. 4d A/^ = 1 SCFT primaries, descendants, and OPEs 

The A/" = 1 superconformal algebra (isomorphic to SU {2, 2\1)) extends the conformal alge- 
bra with the supercharges Qa and Qa, the superconformal supercharges, S" and S", and 
the f/(l)i:j-generator, R. (See appendix [A| for more details about the algebra.) 



9 



Representations are formed by regarding P^, Qa, and Qa as the raising operators, and 
K^, 5", 5" as the corresponding lowering operators. If an operator O has (A,r) for its 



operator dimension and R-charge, respectively, then Qa{0) = [Qa,0} has (A- 



2' 



-1) and 



e.g. S"'{0) = [S",0} has (A — ^,r + 1). The superconformal quasi-primary operators are 




AX 




Fig. 1: A representation of the superconformal group. 



at the bottom of the representations, annihilated by all lowering operators at the origin, 
x^ = 0. Each superconformal quasi-primary has a tower of superconformal descendant 
operators above it, obtained by acting with the raising operators; this is represented by 
the dots in Fig. [l| with the superconformal quasi-primary operator at the bottomjj The 
other operators on the bottom left and right edges, e.g. Qa{0), are conformal primaries 
but superconformal descendants. 

Every SCFT has a superconformal f/(l)ij-plus-stress-energy-tensor supermultiplet (sl 



%{z) = j^(x) + r5„^(x) + e^s^.^ix) + 2e<j''eT,^{x) + 



(3.1) 



where the ■ ■ ■ are derivative terms, determined by the conservation equation D°'Taa = 0. 



The primary component j 



Ri 



Xj 



Ty\ is the conserved superconformal U{1)r symmetry 



^In special cases some superconformal descendants are also primaries, i.e. annihilated by the lowering 
operators. Such operators are zero-norm null states, that must be set to zero, leading to a truncated repre- 
sentation. Examples are chiral primary operators O, where Qq(0) = [Qd,^?] is null, and (semi-)conserved 
currents J, where Q^{J) = {Q", [Qa, J]} is null. 



10 



current, with A^i? = 3. The supercurrents iS°(x), S^{x), and the stress-energy tensor 
T^y{x) are among its descendants. The leading short distance singular terms in the OPE of 
T^{z) with other operators, including itself, have coefficients with interesting universality |9] 
interpretations, fixed in terms of the dimension and R-charges of the operators, 't Hooft 
anomalies, and the central charges a and c. The supersymmetry relations among the j'^ 



and T^u operators in (3.1) then yields the relations of [To] and 11 between the central 
charges and the U{1)r 't Hooft anomalies. 

Knowing how the superconformal generators act on the operator representations at 
x^ = 0, their action at a general point x^ follows from 0^{x) = e~'^^'^O\0)e^^'^ and the 
algebra. For example, for a scalar superconformal primary, it follows that 

[^",0(x)]=^x-a""[Qa,0(x)]. (3.2) 

As another example, raising and then lowering a scalar superconformal primary yields 

S^Q^{0{x)) = 2{a^'''J'xi^d,]+6j'x-d)Oix)-tx-a''^Q^Q^{0{x)) + {2Ao+3ro)Sj'0{x), (3.3) 
where, again, we define S^Qa{0{x)) = {S^, [Qa,0{x)]}. 



Considering (3.3) at x^ = 0, it's seen that Q"'{O{0)) is null only if A^ = —^tq 



o) 



these are the anti-chiral primaries. Similarly, it follows from S"Q {O{0)) = 2[2(2 — A 
3ro]Q"(C»(0)), that Q^{0) is null only if Ao = 2 - fr^. Likewise, Q^iO){0) is null only if 
Ao = 2 + |rc). Conserved current operators satisfy both conditions, 

Q'{J{x)) = Q\J{x)) = 0, (3.4) 

and so Aj = 2 and rj = 0. The scalar primary operator J{x) has the conserved current 
j^ as a superpartner descendant, j^(a;) = —^a'^°'[Qa,Qa]J{x). 



One might anticipate that, much as in (2.13), the OPE for all operators is completely 



determined by those for the superconformal primaries. 



d 



o.{x)OM= E z::^ii(zfcrx;)4(-'^'^'^)^^(o)' (^.s) 



sprimary \ / 
Ok 



where "sprimary" is shorthand for "superconformal primary", with the superconformal 
descendant OPE coefficients completely determined from those of the superconformal pri- 



maries. But as we mentioned after (1.4), this is generally incorrect. This is already known. 



but perhaps not widely so. We can illustrate an example of from what we've discussed 
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so far: consider the OPE 0^{x)0{x), where O is a scalar operator with superconformal 
t/(l)ij charge ra and dimension Aq. It follows from (2.21) that 






(3.6) 



■icx'^'^o-'^'""" ' 60c x2( 

where we used the supersymmetry relation between the coefficient trr of the j^ two-point 
function and the conformal anomaly c, trr = 16c/3 (see e.g. [21]). Equivalently, 

1 



%{z)O{0) D 



X, 



-iro 



27t'^X' 



2^,4 



4A 



o 



——-Oa^eix^Xu 



4 2^ 1]l-i: 



0(0) + 



(3.7) 



For a general operator O, the coefficients ro and Ao in (3.6) or (3.7) are not propor 



tional to each other (only for chiral or anti-chiral primaries is there a fixed proportionality). 



So, for general operators O, the two terms on the RHS of (3.6) have two independent OPE 



coefficients, for the primary operator, j'^, and its super-descendant, T^"^. This illustrates 



that (3.5) can not hold with any universal functions Ff:. Generally, the coefficients of the 



Q and Q descendant terms in F in (3.5) are independent coefficients, not fixed by the 



symmetries. This all follows from the general superpace analysis of Osborn 11 , that we'll 
now review. 



3.1. Two and three-point functions using the superspace analysis of IV 



Operators are labeled by {j,J,q,q), where (j,j) are the Lorentz spins, q= ^(A+ |r) and 
q = ^(A — |r), where A is the operator's dimension and r its R-charge. Chiral operators 
have g = 0, real operators have q = q = |A, and conserved currents have q = q = 1. 
The form of two-point functions of arbitrary superconformal primaries is completely fixed 
in 11 by superconformal invariance, up to overall coefficients c^^ (which could be set to 



^kk by choice of operator normalization for some operators (but not J or 7^)): 

/'^'^ (3^23, 2:23) 



Here Zi denotes superspace coordinates, Zi ■ 



(^kk~ 



X2Z^^-^X-^2^1^ 



(3.8) 



^/i Qa qa\ ^M 



X: 



V 



P'''^{x23,X23), where Xj 



^ij 



— T^.A' 



M na a 

iOiU^'ej + ie,ja% - iOija^eij. 






e? - ^?, and 



-X 



Jl ; 



is a bilocal invariant tensor in the spin indices zs, t^, 



reducing to 1 for scalars (see 11 for the explicit expression) 



The form of three-point functions is determined in 111] to be 

)t*3/^ W _ -^1^ H^135 2;i3)/2^ ^(X23,X23) 



{0\^{z,)0l^{z2)0r{zs)) 



Xi32?iX3i2«X23252X32252 



t;3^^(X3,e3,e3). 



(3.9) 
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We called the third operator O3 because we're eventually interested in the OPE, O1O2 
O3. X^ is a 4-vector formed from the superspace coordinates 24=1,2,3 = {xi,9i,9i) 11 



X, = 



X21X12X23 _ 

2-13 2;32 



(X 



3)aa 






~aa 



e"^e"^x 



pp- 



The spinor quantities in (|3.9|) are given by 
1 



e, 



3^13 



^xai^, 



1 



31 



2^23 



:X326'; 



32 



e. 



1 fl 1 

rc'3lXl3 - 



2^31 



3^32 



732X23 



(3.10) 



(3.11) 



which are nilpotent, they vanish upon setting the Grassmann coordinates to zero, and they 
don't have a direct analog in ordinary conformal theories. X^ is a superspace extension of 
the vector Z^ defined in (2.6), 2'^ = ^ — ^^. For example, setting the Grassmann part 



'■23 



of the Zi=i,2 coordinates to zero, and defining Y^'^ = e^^„^z^^zr^, we find 



Xk 



fi:=l,2=fi=l,2 = 



p\ ri3r23 

Z^" + [i{Z'^ri^"' - ^Z^Z"") + 2r^'^]^3cr^^3 + Z^ 



■'-12 
^12 



^3^3 



(3.12) 



(the red terms will drop out). The function t in (3.9) is generally under-determined, 
constrained only by a homogeneity condition corresponding to the scale and R-charges: 



tg,^(AAX, AG, AG) = X^'^X'Hl.^iX, 6, 6) 



with 



a - 2a = gi + g2 - ^3, 



a - 2a = gi + g2 - ^3- 



(3.13) 



(3.14) 



Conformal three-point functions of primaries have a fully-determined dependence on 
the operator locations, which can be viewed as a consequence of the fact that ordinary 
conformal symmetry transformations can be used to map any three points to any three 
other points. But superconformal symmetry does not suffice to map three super-positions 



Zi to wherever one pleases, and that is related to the existence of the G, B in (3.9) and 



(3.11). Indeed, supertranslations can be used to set, say, z\ = ^ and superconformal 
transformations can be used to map, say, a;2 = 00 and 62 = 62 = 0. Then we are left with 
the Z3 = z superspace coordinate, which we can act on with ordinary rotations, U{1)r 



rotations, and scale transformations. With these mappings, Xt^ is given by (3.12) with 
Z^ — )■ x^/x^, x5'2/ri2 — !■ and F^^ — )■ 0. The nilpotent quantities (3.11) map to 



0^ 



^(x-iee)e, Q^^( 



U + i 



(3.15) 



The existence of G3 and 6)3, and the fact that t's dependence on them is generally under- 



determined by (3.13), implies that the three-point functions of superconformal primaries 
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are generally insufficient to fully determine those of their superconformal descendants. 
The superconformal primary three-point functions are extracted by setting the Grassmann 
coordinates to zero, but that's generally insufficient to determine the G3 and G3 dependence 
(since they then vanish), which is needed to determine the three-point function of general 
superconformal descendants. So the OPE coefficients of superconformal primaries generally 
do not fully determine those of their superconformal descendants. 

This general ambiguity in the function t{X, G, Q) is eliminated only in special cases, 
when some of the three operators are in reduced superconformal representations, with 
null states, e.g. chiral primaries, anti-chiral primaries, or conserved currents. Superspace 



derivatives on the operators Oi in (3.9) can be converted into differential operators acting 
on the function t(X3, 63,6)3), and so constraints on the operators lead to corresponding 
constraints on the function t(X3,93,93). In particular, acting on say Oi, one replaces 
Da — i- T^a and Da — > 'Da, which act on t{X, B, G) as \lL\ 

I'«=a|;-2'KS)„^. S„ = -g|j. (3,16) 

with X = X — 4zGG. As examples, we'll first review the cases that have been discussed in 
the literature, where Oi and O2 are chiral or anti-chiral operators. In the following section, 
we'll consider our case of interest: conserved currents. 



3.2. Review of chiral- chiral OPEs '15-11^ 



Take the operators Oi and O2 in the three-point function (3.9) to both be chiral primaries. 



which we'll write as Oi = (pi. The condition -0^01 = implies that Vat = for the operator 



in (3.16), with a similar condition for Da4>2- If we take 0i and 02 to be the same operator. 



the latter condition is accounted for by the zi ^ Z2 symmetry, which implies 

t(X3, G3, G3) = t(-X3, -G3, -G3). (3.17) 



The solutions for t(X3, G3, G3) are 15 17 



t ~ constant, 

t ~ Q:,xt°-^'-^'-^-'x!^' ■ ■ ■ X^', 

t ~ elx^°-'-'''-''^-'^'x^' ■ ■ ■ x^\ 



The case t ~ constant implies that the operator O3 in the three-point function (3.9) is also 
chiral, O3 = (pk, with R{Oi^) = R{(j)i)+R{(j)j) — 2; this is the chiral ring. The other two cases 
for t have factors of Q3 and B3, corresponding to operators O3 in (3.9) that are Qa and 
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Q^ exact (hence trivial in the chiral ring, but nevertheless important for non-holomorphic 
considerations). Correspondingly, the possible terms in the OPE are 

0,(x)0,(o) = 4c(x,p)0,(o) + 5^cg'gc,(x,P)o^(o) + ^cg'g2c^(x,p)o^(o), (s.is) 



o^ 



OJ 



Oi 



where c-^-, c^^ 



JOj 



and Cj"' are constant OPE coefficients. The operators Oj in (3.18) have even 
spin, I = 2ji = 2J2, and R{Oj) = |(Ai + A^) -2 (so unitarity requires Ao > ||Po| +£ + 2). 
To give a simple example, consider a theory with a chiral superfield $, -ft' = $$ and 
W = A<l>"+V('"- + !)• Then, the equation of motion $" = -(Q^<l/A illustrates the last 



term in (|3.18). The Oi possibility in (3.18) runs only over superconformal primaries with 
|(A, + A,)-1, spins (ji,j2) = (|(£ + 1),|£), with i odd for ^Jj^, and A{Oj) = 



J 



R{0 

Aj + Aj +£+ ^, where A is fixed (saturating a unitarity bound) because the operator Oj 
must be in a shortened multiplet to have both sides of (|3.18[) annihilated by Q^- 



In (3.18) we have written just the ffist components of the superfields on the LHS. The 



full superfield expression for the ffist term in (3.18) was worked out in 15 



$,(^l+)$,-(z2+) D 4C'^-*(Zi2+,9,,+)<l>,(^2+), 

which has no Xi2 singularity since Qk = Qi + Qj for the chiral ring, and 

1 



(3.19) 



C'^-''^(^i2+,9.,+) 



2i9^a9 - xVii+^i^ 



[X2^ 



1 



(xi+ - 2ieiae - x_)2'?i {x2+ - 2162(16 - x_)292 ' 
which was solved for in fls] in a superspace expansion in 6'i2, with components given by 



the functions C {xi2.,dx2) in (2.15). 



3.3. Review of chiral- anti- chiral OPE 16^ 



Let the operators Oi and O2 in (3.9) be chiral and anti-chiral respectively. As in [16], for 



simplicity we'll take (9i = $ and O2 = $, the conjugate field. The conditions Viat = and 
1^2,at = then imply that the operator O3 must be real and of integer spin i = 2j = 2j, 
with (16) 

1 



(<l>(Zl+)$(^2-)0''^-'n^3)) OC 






2A<,^3 



Ao-2A$-£-^/ii 



X3 * — traces. 



(3.20) 



The result (3.20) encodes interesting relations among the component OPE coefficients. We 



will review this in some detail, following [16^, since many details will prove applicable for 
our case of interest, to be discussed in the next section. 
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Real operators O'^i-'^* in (3.20) have a superspace expansion 



(3.21) 



where ^^ = 60-^^6 and ■ ■ ■ are operators with non-zero R-charge. The A component is 
primary, and the others others are all A's descendants: defining E^^ = a'^'^°'[Qa,Qa], 



^^Mi---W 



^M A^il■■■^i^ 



M^ 



D^ 



1--.W 






l...fli 



-d^A^" 



i...He 



(3.22) 



4 "" ' 64^'' 16' 

The operators ^^i-a"? and D^^'"^^ are irreducible spin-£ representations, while B^^^^'"^^ de- 
compose into 5^^i-^* = Mf'f'^-f"' + T^|^r/^^iA^^2...M^ ^ it^t^i-t^i ^ where M (called J in il6|) 
is a spin i + 1 operator, A^ is a spin i — 1 operator, and L = L^ + L_ , with L± in the 
(^£ ± |, ^£ =F ^) representation of SU{2) x SU{2). The operators i? and D can be decom- 

with M^/^^-'^* = M^^l•••^^ 
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posed into conformal primary and descendant contributions 

^prim'^* ~ jVM2-..M<^ aj^fj {P^^^'^ = —iP^^^^° ^ as wc prefer Hermitan generators) 



rMMi-'-Mf _ T^fj.i...fii 



prim 



prim 



4(A - 1) 



c/^Mi 



i^p 



iP^ A''^^'"^^ 



+ 1)-(A-1, 2 



8(A-1)2 



pZj^fJ.l...fl.i _|_ 



4(A-1)2 



P p^^^J\^^^'^■■■^^^ 



(3.23) 



4(A-1)' "-'^'^^ 



Setting for example ^1 = ^2 = ^1 = ^2 = in (3.20) to extract the three-point functions 



for 



$1 and (i) = $1, it is found that 16 



*j^Hi...Hi\ 



'12 



_^Mi . . . ^fJ-t 



'A-l 



* ^/^^^^^l■■■^^e 



■M, 



prim 



) = ic^^*Oi{^ + 



12 



-Z^Z^^ ■ ■ ■ z^^ 



A+2- 



m ^prim ) =^C^</>*0, 



2i 



'12 



-2''^^ . . . z^^ 



prim / ' 



•n^:--) = -c^.„,^'^ + ''>'^-.''-^'^^r"z- . . . z« 



prim 



8(A-1) 



12 



(3.24) 



where Z is the quantity in (2.6) and the products like Z^^^ ■ ■ ■ Z^^ are to be understood as 



symmetrized traceless. The primary three-point functions (3.24) indeed have the form (2.5) 



involving only the coordinate Z^. Indeed, (00*Lpi.im) had to vanish, since it's impossible to 
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form something with L's Lorentz structure using only Z^ . The upshot of (3.24) is that the 
coefficient c^^*Oi = C(f><f>*Ae of the superconformal primary A indeed completely determines 



those of the descendants, M, A^, Lprim, and -Dprim: 



^Me+i 



■Nt- 



*in 



.{£ + 1){A - i - 2) 



2£ 



0, 



(3.25) 



D 



A(A + £)(A 



.^;prini 



8(A-1) 



C(f)(f>*Ae 



To convert (3.25) to relations among the OPE coefficients, we can use cjl- = Cijk'g 



k'k 



(2.10), and the relations among the two-point function normalizations. The two-point 



function of Ag is proportional to 



(A^i-^^IA'^i-'^O ~ symmetrize(r/''i' 



■V 



Pivt^ 



traces = X; 



■IJ.\...IJ.t;v\...vi 



Likewise, the two-point functions of Afg+i, A^^_i, and D^ are proportional to X^+i, Xf_i, 
and X^, respectively, and (-Z^prim '^'^l-^prini '^O ~ j^m'^jmi---m«,i^i---i^«_ ^jj^g proportionality factors 
for the two-point function normalization of the super-descendants, relative to the primary 



component, are given by 16 



cm,+,m,+, = 2(A + £)(A + £ + l)cA,An 

_ 2(£ + 1)2(A - £ - 2)(A - £ - 1) 



Cl ■ L ■ 

-^prim -'-'prim 



8£2A(A + £)(A-£-2) 
(£ + l)2(A-l) 



(3.26) 



~Ca,Ai 



_ A2(A - £ - 2)(A - £ - 1)(A + £)(A + £ + 1) 



4(A-1)2 
where the factor caiAi, could be set to one by choice of normalization of Oi. Note that when 



the unitarity bound A > £-|-2 is saturated, the norm (3.26) of A^^_i, i^prim, and D^. 



:;priirL 



all 



vanish; indeed, these components of the supermultiplet vanish when the unitarity bound is 
saturated — the supermultiplet is shortened. 



3.4. Another example: the {OO'^T^) three-point function 



As another example of applying the general formalism of 11 , we can consider the three 



point function the stress-energy tensor supermultiplet 7^ (3.1) with a scalar superfield O 
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and its conjugate O'^ . For the case C = $ a chiral operator, q = A$ = |r$, g = 0, the 



result was given in 11 



($(^i+)<i(^2_)r^(^3)) 



-«r$ 



^r 



27r2 xsi^^xgs^^ Xg'^'^-') ^ 



(3.27) 



where c^i is the 



two-point function normahzation, and the coefficient in (3.27) is fixed 



by the condition that the OPE reproduces the correct f/(l)/j charge, as in (2.17). This is 
a special case of (3.20), where we take A^ = 3 and £ = 1 to get (9^ — )■ T'^. So q 



Jfl 



2r$C00. /27r^ and then (3.25), with M^^ = 2T^y (see (3.1)) gives c^</,.t^, = r$c<^<^./7r^, which 



fits with (2.20) and A = f |r$| for chiral and anti-chiral operators. 



As another example, we consider the case where the operator O is real, O 

|Ac), and Rq = 0. Using (3.9), (3.13), and the zi -H- Z2 symmetry we find 

(X_-X+)X^ 



o\ 



so 



qo = qo 



{0{z,)0{z,)T^{z,)) 



-^oc-oo 



^T^\xiix-^^^x-^ix-^^^y^^^{X^-X^)^ 



X^ + 2- 



X.s ■ Xq 



(3.28) 



where X^ = 2 ("^3* ^ ^J>) ^^ ^ vector that's odd under the Z\ ^ z^ operation in (3.17), 
and X^ = iiX^ — Xi^) = — 4G3cr'^03 is a (nilpotent) vector that's even under the Z2. So 
X^-Xs = X^ + 403G|. The relative factor of two between the two terms in the sum on the 
RHS is determined by the condition DaT°"^ = DaT°'°' = 0, and the overall normalization 



by (|2.20|). As a special case of (|3.28|), the three-point function of two conserved currents 

(X_-X+)X^- 



and the stress tensor is 
{J{z^)Jiz2)r^izs)) 



TJJ 



X^ + 2- 



X3 ■ X3 



(3.29) 



487r6xi32x3i2x232x322X3 ■ X3 

Comparing the {J{xi)J{x2)T^'^{x3)) and the {j^{xi)j''{x2)j'^{x3)) components encoded in 
(3.29) leads to the relation tjj = —STiF^R, giving the current two-point function coeffi- 



cient r in (1.3) as a 't Hooft anomaly. 



4. Our case of interest: the current-current OPE 



We now consider the OPE of two A = 2 conserved-current primary operators. 



j{x).m = j2 E 



-^jj 



(.e)n^^){ 



=0 sprimary 



(X2)5(4- 



— F,^(x,p,Q,g)^^^or(o) 



(4.1) 



o 



w 



,(^) 



where O^ are superconformal primaries, of dimension A^ and spin i, and we will show that 
the O^. are necessarily real, of f/(l)/j-charge zero. For simplicity, we consider U{1) currents. 



The LHS of (4.1) is then symmetric under exchanging the operators, and hence x^ — )■ 



-X'' 



so only even spin operators can contribute on the RHS of the OPE. For non-Abehan groups, 
odd spin components can appear on the RHS of Ja{x)Jb{0), with coefficients proportional 
to fabc as in (1.3). We discuss how to determine the Fjj{x, P,Q,QY^^ from the condition 
of superconformal covariance, combined with J's current conservation. 



The OPE result (4.1) for the bottom component of the supercurrent multiplet will 



determine the OPE coefficients of its superconformal descendants, in particular of 

ja{x) = Qa{J{x)), jf,{x) = -^H^(J(x)), 



(4.2) 



where E^ = cr""[Qa, Qa]. We can use Qa and Qa to map from the primary J, to its 



descendants, as in (4.2). We can also map in the opposite direction, by using the S"" and 



S"" superconformal supercharges, which act on the primary component as 

5"(J(x)) = ix ■ a""Q^(J(x)), S"{J{x)) = -ix ■ a""Q«(J(x)), 



(4.3) 



vanishing at the origin. Acting on the descendants as in (3.3) with Aj = 2 and vj = 0, we 
find 



S"(j„(x)) = -IX ■ a""Q„g^(J(x)) + 4(x ■ 5 + 2) J(x), 



5"(j^(x)) = 3a^""jA(x) - 2x ■ a'"'a'"'^^d^j^{x) 



(4.4a) 
(4.4b) 



4.I. Using the algebra to find relations in the J{x)J{0) OPE 

In this subsection, we discuss how superconformal symmetry leads to relations for J(x) J(0) 
by directly using the algebra. The relations obtained this way alternatively follow from 



using the superspace formalism of 11 , which we will use in the next subsection. 



When the superconformal generators act on the product J(x)J(0), the product rule 
gives two terms, e.g. Qa{J{x)J{0)) = Qa{J{x))J{0) + J{x)Qa{J{0)). But for the lowering 
operators, S°', 5" and K^^, the term where they act on the primary J(0) vanishes, so e.g. 



^"(J(x) J(0)) = 5°(J(x)) J(0) = -ix ■ a""j<i(x) J(0). 



(4.5) 



The ja{x)J{0) OPE thus follows from the J(x)J(0) OPE, with only superdescendants in 
J(x)J(0) contributing to the OPE around the origin, since superconformal primary terms 



are annihilated by 5" in (4.5) 



The relation (4.5) illustrates how the OPE J(x)J(0) of the primary operators in the 



multiplet determine the OPEs of the descendants. Additional relations follow because 
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we are here considering conserved currents rather than generic operators, so Q^(J(x)) = 
Q'^{J{x)) = 0. For example, consider the j°'{x)ja{0) operator product, relevant for deter- 
mining gaugino masses in general gauge mediation, which can be related to J{x)J{0) as 
in |22] (see appendix |A] for a discussion about the sign) 

r{x)uo) = \Q\j{x)jm- (4.6) 

In superconformal theories, this descendant operator product can also be related to the 



primary J(a;)J(0) by using (4.3) as 



3o.{x)3p{Q) = -^Qp{ix ■ a^),(J(x) J(0)). (4.7) 



x^ 



Again, S*" only acts on J{x), and then Qp only acts on J(0) (since Q'^{J{x)) = 0). Another 
interesting relation that follows from (4.3), combined with Q'^{J{x)) = Q'^{J{x)) = 0, is 



S''S^{J{x)J{0)) = S'^S^{J{x)J{0)) = 0. (4.^ 



The relations (4.7) relate operator products of descendants to those of the primaries, while 
(4.8) constrain the terms that can appear on the RHS of the OPE of the primaries. 
There are two more operators that annihilate J(x)J(0), 

[x'^QaQiB + Qaiix ■ aS)i3 - Qi3{ix ■ aS)a] (J(x) J(0)) = 0, 

(4.9) 
[x^QaQp + {Six ■ a)^Qo, - {Six ■ cr)^^^] (J(x)J(O)) = 0, 

thus constraining the OPE J{x)J{0). Other relations, giving OPEs of descendants in terms 
of the J{x)J{0) primary OPE, are 

ja{x)ja{0) = -^ [{Six ■ cr)a{ix ■ aS)a - x^Qa{ix ■ crS)^ + 2Ajx^{ix ■ cr)„J {J{x)J{0)), 
x^ 

J^l{x)j^{0) = T— -^ [{x^Vf^p - 2Xf,Xp){SaPS - ScrfS) 

x{x\Qa,Q - Qa,Q) + {x\x - 2x,xx){Sa^S - Sa^S) 

— 2x^ [Q(Tu ix ■ aS — Qa^, ix ■ aS) } 
~8i{Aj + l)x'^{r]^^r]xp - Vf^xVup - Vf^pVuX - i^f,y\p)x^ 

xKxV"^ - 2xPx^)SasS + x'^Qa^ix ■ aS + AiAjx'^xP} 
~8i{Aj + l)x'^{r]^^7]xp - Vf^xVup - Vf^pVuX + i(^i,u\p)x^ 

xKxV"^ - 2xPx^)SasS + x'^QaHx ■ aS + AiAjx'^x^} 
+32x^Aj(Aj + l)(xV - '^x^x,)] (J(x) J(0)), 
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j,ix)Ao) 



ry ■" iy~i } ry /y 



[Sa'^S-Sa'^S] {J{x)J{0)). 



In sum, OPEs of the superdescendants are all determined from the primary OPE J(x) J(0), 
and the superdescendants in J{x)J{0) are constrained by superconformal symmetry and 
current conservation. We will find the explicit expressions in the next subsection. 



4-2. Current- current OPEs using the super space results of 'IV 



We now consider the superspace three-point functions (3.9) where Oi and O2 are conserved 
currents, and for simplicity we take Oi = 02 = J ■, so there is a 2:1 ^ Z2 symmetry, implying 



the symmetry condition (3.17) on the function t(X3, 93,93) in (3.9). The J superfield has 



the component expansion (1.2). We're interested in the three-point functions 

1 



{J{Z{)J{Z2)0^ 



,111. ..in 



%)) 



X— jd ryi — Zi nn — Jinn— A 
13 ^Z\ ^n 3-32 



^J\7C'«(^3,03,03)- 



(4.10) 



The scaling relation (3.13), with g = g = 1 for the conserved currents has a = ^{qk + 2qk) — 2 



and a = Uqk + 2qk 



2. We now discuss the constraints on t in (4.10) coming from current 
conservation. The condition that J' is conserved, written in superspace as D^J' = D^J 
implies that V^t 



0, 



V t = 0, where T> acts on t as differential operators as in (3.16) 



A first consequence is that the operator Os in (4.10) must be a real operator of vanishing 



R-charge and integer spin d, (much as in the $$ OPE of the previous subsection). Suppose 
to the contrary, that e.g. R{Ok 
fix t = 



2, which would lead to a 



93/(X3) (/ can't have any additional factors of 93, since 9 



a + 1 in (|3.13|), which would 
0, nor 93 



n>2 



factors without spoiling (3.13)). But that t cannot satisfy P^t 
VH 



0. One can similarly use 



q = lA, and thus a 



iA 



2 in (3.13) 



&t = to exclude all other possibilities for non-zero R-charge operators in (4.10). 
So, in what follows, we take Oi to have q 

The conditions V^t 
first write it for spin-^ 



V t = uniquely determine the function t^^'"^'^ in (4.10). Let's 



= operators Ok in (|4.10|): 



CJJO 



(X-X) 



2-iA 



1 



1--(A-4)(A 



6) 



929^ 
X-X 



(4.11) 



with Cjjoi^o ^^ arbitrary coefficient. Because the coefficient of the term involving 93 
and 93 is determined, the superconformal descendant three-point functions are determined 
from that of the superconformal primaries. The case ( 1.4[ ) where all three operators are 
conserved currents, qk = I, is exceptional, since V'^X~'^ = (up to contact terms). 

For the case of an £ = 1 superconformal primary operator Ou in (4.10), the conditions 
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determine, much as in (3.28) 



t'jjo,Jx,e,e) 



CjJOf 



(X-X) 



2 2^ 



xt 



A - 5 (X_ ■ X+)X^ 
A-2 X-X 



(4.12) 



where X^ = ^{X^ + X''), called Q'^ in 11 , is odd under the zi -H- Z2 operation in (3.17) 



-4e(T^e, called Pf" in 



11 



and X^ = i{X^' - X^"] 

of a real, primary i = 1 operator is the FZ operator 7^ (3.1), with At^ 

AoM = 3 in (14. 121) and Ao 



is even under the Z2. An example 

3. If we set 



2 in (3.28), the two expressions properly coincide. 



For general, even-spin-£ superconformal primary Oj! 



(M1---W) 



(4.11) generalizes to 



t 



(pi...fii) 



CjJOi 



^lm 



X 



^J■e) 



(X-X) 



2-UA-e) 
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1--(A- 
4^ 



4)(A + f-6) 



9^9 
X-X 



— traces. 



(4.13) 



The generalization of (4.12) for odd spin i is 



t 



ifj-i-.-tie) 

JJOl od 



CjJOf 



(X-X)2-i(^-< 



X 



w) 



(A - £ - 4) (X_ ■ X+)X 



/i^") 



A 



X-X 



traces. (4.14) 



In both (4.13) and (4.14) the £ Lorentz indices are symmetrized, with the traces removed. 



to obtain a spin-£ irreducible Lorentz representation. 

These superspace results encode all component three-point functions, giving relations 
among the conformal primary components. To make this explicit, we need to expand 



both sides of (4.10) in the Grassmann coordinates; we expand ^{zi) and J{z2) as in 
(1.2), and O^^'"^^ is as in (3.21), and likewise on the RHS. Then, matching the coefficients 



of the terms with powers of the Grassmann coordinates 6'j=i 2,3 and 6'j=i 2,3 on the two 



sides of (4.10), gives relations among the primary and descendant three-point functions 



analogous to (3.24) and (3.25). For £ even, (4.13) gives a contribution when we take all 



three operators to be primary, setting all Grassmann coordinates to zero; the coefficient 
cjjOt of this primary contribution determines all descendant three-point function. For 



odd, the three-point function with all three operators primary vanishes, as does (4.14) 



when all Grassmann coordinates are set to zero, but there are still non-zero superconformal 



descendant contributions and expanding (4.14) gives relations among them 



The three-point function result (4.10), with (4.13) and (4.14), can be expanded in the 



Grassmann coordinates. To illustrate this, let's now expand the three-point function in 
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03 = and 6*3 = 9, setting 9i^2 = 0, and 9i^2 = 0. Using (3.12) we have 



Xt 
2a,2 



.,=,,2=0.^1 2=0 -Z^ + 2Y^^9aJ + ZM — - ^N 9W 



X 



12 



e.=i.2=o 



e^e 



X -x 

One can also find 



'i=l,2— Ci=l,2 



7i=l,2— Ci=l,2- 



Z^9W. 



(4.15) 



^ ■ ^l0,=l,2=9»=l,2=O 



Z2 _ 2Z^ { 2 + '^^^^^] 9W 
ri2 



So, for example, (4.12) becomes 






rf»— Zinn— Zirif— Ziz-y— A 

3^13 ^31 ^2-i ^32 



_2^1:^^ 



J JO ^A-1 / ^2 u- _ ^L±1^M^- ) ^^ fl. 



7i=l,2=Cj=l,2 = 



12 



A-2 



The red terms above drop out for primary correlation functions. Indeed, with no loss in 
generality, by using superconformal symmetry to map {z\, Z2, z^) — )■ (0, X2 = oo, 2:3 = z), the 
red terms map to zero, as discussed around (3.15). 

For i even, the resuhs for {JJAf^-f"^), (JJL^'^i-^'^), and {JJDf'^-f'') coincide with 
those found in [16] for the corresponding quantities with JJ replaced with 00, while 
{JJM'''''-''') = and {JJN''^-''') = 0. Accounting for the distinction [l6| between L^^Aii-w 
and Lttl^"^' and also between D^^''^' and D'^l-'^^\ see (3.23), we find, for i even. 



prim 



prim 



(^JJA^^l■■■^^^) = cjja.^Z^^^ ■ ■ ■ Z^^ 



12 






-CjJO. 



A(A + £)(A-f-2)Z^+^-%^^ 



(4.16) 



_2''^i ■ ■ ■ Z^^ 



8(A - 1) rl. 

In addition, {J J M'^^^]^^'^'^) = and {JJN^rim^'^) — 0; because the three-point function with 
J J can involve only even-spin operators. 

Likewise, for i odd, {J J A^^---^^) = and {JJD'^l\^'^) = 0, and the non-zero primary 
three-point functions are 



{JJM^Z-'') = 2cjjo/-^^^^Z'^Z^^ ■■■Z^^ 



A-2 r\^ 



{JJN^J"^) = -2c 



JJOf 



{i + 2){A-i-2)Z 



A+2- 



(4.17) 



A-2 
23 



-Z^'^ ■ ■ ■ Z^^ 



12 



with {J J A^'^-^'') = and {J-JD'^^.r^') = 0. In all of the above it's to be understood that 
the Z^'s are symmetrized with the traces removed. For all i, {J{xi)J{x2)L'^^-^^'^'^) = 0, 
because the primary three-point function necessarily involves only the single coordinate 
Z^, and it is impossible to use that to build an operator with the right Lorentz index 
structure to match Lp^J^■■^^ 

Summarizing, we find the relations 

A(A + £)(A- £-2) 

8(A-1 
(£ + 2)(A-£-2) (4.18) 



C J JDf. prim Q{ /\ T\ '^JJAfl 



CjJL ■ = 0. 

A check on these results is that cjjdi. Hm ^^*i cjjn^ properly vanish when O^^-^'"' saturates 
the unitarity bound, A = £ + 2, as then the components A^prim and -Dprim become null 
states and must vanish. As a special case, for £ = 1 and A^ = 3, we have O^ = T'^, the 
Ferrara-Zumino supermultiplet, where M'^'^ ~ T^^" and A^ ~ T^ = 0. 

Upon going to components, the resulting two- and three-point functions can be con- 



verted to expressions for the OPE coefficients, including conformal descendants, as in (2.14). 
The super conformal descendant relations can then be determined by using the two-point 
and three-point function relations discussed in the previous paragraph. A more efficient 
approach would be to convert directly in superspace, from the two-point and three-point 
function results above, to sOPE expressions. A special case has been explicitly worked out 
in 15 , as outlined after (3.18). For our case of interest here, i.e. two conserved currents. 



J{z,)J{z2)= J2 c5'jFf(zi2,5,,,9,„9,-JOi(z2), (4.19) 



sprimary 



with F determined by requiring that using this and two-point functions (3.8) on the LHS 



of (4.10) reproduces the RHS of (4.10). For example, for i = 0, F satisfies 



^ ^(^=o)^v_ a. <a^ _...,_ p(^=o)r - - -^ 1 



^- 2^- 2^- 2^-TVjo(^3, ©3, ©a) - CjjoF^ {zu, 0^^, dg^^dg^) ^ ^ ■ 

^-la ^31 2^23 2;32 ^'23 ^2:32 ^ 



where t on the LHS is given in (4.11) 



5. Four-point function conformal blocks 

Four-point functions (more generally n-point functions) can be reduced and computed via 
the OPE. For a four-point function {Oi{xi)Oj{x2)Or{x2,)Os{x4)), one can apply the OPE 
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(1.1) to Oi{xi)Oj{x2), and also to Or{xs)Os{x4), reducing the four-point function to sums 
of two-point functions between the resultants on the RHS of the two OPE pairs: 

{Oi{xi)Oj{x2)Or{x3)Os{x4)) = ^ ^7^T^VT7^-^CijfcC^%^,C/A, ,4 («. ^). (5-1) 



|(A,+A,-)„i(A,+A,) 
iry f 

Ok ■ 



2 

primary / 12 ^"34 



where u = ri2rzi/ri^r2i = zz and v = ri4r23/ri3r24 = (1 — z){\ — z) are the two independent 
conformal cross-ratios for four-point functions. The four-point function conformal blocks 
5'A,f are fixed functions 18,23 that account for the sum over descendants^ 



zz 

5'A,K^i,w) = {kA+e{z)kA^e-2{z) - {z ^ z)) 

^-^ (5.2) 

fc^(x) = x'^/Vi(/3/2,/3/2,/3;x). 



The decomposition (5.1) is in the s channel of the four-point function, and one can of course 
alternatively compute in the t channel or the u channel, and all three must of course agree. 
There is a recent and growing literature on exploring these crossing symmetry relation 



constraints, following 25 



The fact that the sum in (5.1) for non-SUSY A/" = theories can be reduced to a sum 
over primaries, with the descendant contributions accounted for in the universal conformal 
block functions qai, is a powerful consequence of the fact that conformal symmetry com- 
pletely determines the descendant contributions to the OPE from those of the primaries. As 
we have emphasized, the analogous statement generally does not hold for super conformal 



primaries. So, in super conformal theories, there is generally no analog of (5.1) involving 



only a sum over only the superconformal primaries. In a nutshell, there is no universal no- 



tion of "superconformal blocks" analogous to (5.2). One can define superconformal blocks 
for correlation functions of short multiplets, as we'll discuss and review, but they depend 
on the particular operators in the correlation function and are still not universal. 

In this section, we will discuss the Af = 1 conformal blocks for {J J J J) and {JJ(j)(f)*). 
These two cases are expected to be nicer than generic four-point functions in A^ = 1 
SCFTs, because the operators are in shortened representations, and that determines the 
coefficients of all superconformal descendants in the intermediate channel in terms of those 
of the superconformal primariesjj 



*As in 
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, we find it convenient to modify the original definition of (7a, ^ by dropping a {—\Y factor: 

_hcrc _ I o^^„D&0 

9A,i — l~^J 9A,t ■ 

'^As we emphasized, that seems to not be the case for generic N = 1 operators, so it seems that generic 
four-point functions can not be reduced to a set of A/" = 1 superconformal blocks depending only on the 
superconformal primaries. 

25 



5.1. Review of the Af = 1 conformal blocks for (00*00*) J6. 17^ 

The four point function of two chiral and two anti-chiral operators can be expanded as 

1 



(0(a;i)0*(x2)0(x3)0*(a;4)) 



E 






where Q'i 



{u, v) is a super conformal block that account for the s-channel OPE sum 



over the Ai, M^+i, A'^.i, and Di conformal primaries, along with their descendants. Using 
( [3^ and ( [3^ , the resuh is |l6j (accounting for ^^7 = (-2)^^^^^°) 

A + i A-£-2 






9a, 



4(A + £+l 



:9a+i,. 



4(A 



:9A+i,e-i 



(A + £)(A-£-2) 



(5.3) 



16(A + ^+l)(A 



-1 



"fi'A+2,^ 



As we have emphasized, there is not a general notion of superconformal block, and the 
superscript in Q'^^ emphasizes that this superconformal block applies only for this 
specific channel and four-point function. 

Indeed, computing the same {(f){xi)(f)* {x2)(f){x3)(f)* [x^)) in the channel where the xi and 
X3 operators are brought together, leads to an intermediate sum over very different classes 
of operators, corresponding to (3.18). We can define Q'^f for this class, and the result 



involves a single gA,e, rather than the four terms (5.3) found in the s channel. See 17 for 



some of the details. This illustrates that there isn't a universal notion of superconformal 
blocks, even for different channels of the same four-point function. 



5.2. The M = 1 conformal blocks for [J J J J) and [JJcfxp*) 
The four-point current correlator can be expanded as 

1 >r^ {cjjA^f ^ 



{J{XI)J{X2)J{X3)J{X4)) 



r?orn 



E 



,jjjj, 



u,v), 



where the A/" = 1 superconformal blocks on the RHS account for the sum over the A£, M^+i, 



Ni^i, and Di primaries in the intermediate operators (3.21), along with their descendants. 
Comparing with (5.1), the decomposition in terms of A/" = blocks simply follows from 



squaring the coefficients in (4.18) and dividing by the normalizations in (3.26). For i even 

we find 

nJJJJ 



9 a/ + 



(A + £)(A 



2) 



16(A 



1)(A 



1 



■5'A+2,. 



(5.4) 
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For I odd we find (with here an arbitrary overall normalization choice) 



rJJ;JJ _(^+im + £) (£ + 2)2(A-£-2) 



4(A + £ + l) -"^^'^^^ ■ A-£-l 
We can immediately now also obtain the conformal blocks for 



5'A+l,^-l- 



(5.5) 



(J(X1)J(X2)0(X3)0*(X4)) 



1 V^ CjJO, 



where 



7JJ 



^A,£even " 5'A,^ + 



Co.O, 



(A + £)(A-£-2) 






[u,v), 



:5'A+2,. 



-tJJ;(f>it>* 
'A, £ odd 



(£ + l)(A + £) 



16(A + £ + l)(A-£-l) 

(£ + 2)(A-£-2) 



-5'A+i/+i 



-QA+ll-l- 



4(A + £ + 1) ^"^^'^^^ 2(A - £ - 1) 

5.3. Connection with Dolan and Oshom's J\f = 2 conformal blocks for {(^(^LfLp) f2> 



(5.6) 

(5.7) 
(5.8) 



In A/" = 2 SCFTs, operators are labeled by their SU{2)j representation J = 0, |, . . . , value 
of Is, their U{1) '^ charge, in addition to dimension A and spins {j,j). Several J\f = 1 
representations assemble together to form a single Af = 2 superconformal representation. 
The A^ = 1 U{1)^=^ is given by (see e.g. |2|) 



R 



.A/'=l 



-R 



,Af=2 



+ 3^- 



(6,9) 



Taking the J\f = 2 supercharges Q^ to have R^^"^ charge —1, then Q^^^'^ has R^^^ charges 
1/3 and —1, with the latter the M = 1 supercharge. 

In particular, an A/" = 2 conserved current supermultiplet has primary components with 
/ = 1, R^^'^ = 0, A = 2, £ = 0. It consists of an A/" = 1 conserved current supermultiplet 
JT, plus a A/" = 1 chiral multiplet and conjugate anti-chiral multiplet $, with A = 2, £ = 0. 
The primary components were called y?*-' in yj*^*-'^ of 
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V 



(12) 



v''J 




and we denote them as 

/ |/=1,/3 = 1) \ 

|/=l,/3=0) . 

V|/=l,/3 = -l)/ 



(5.10) 



The structure of the four-point function for this A/" 
in 



2 supermultiplet was considered 



26 , and a variety of possible four-point function conformal blocks, corresponding to 



the possible intermediate operator in the OPE, were presented. The recent work 16 used 
these results to connect with the A/" = 1 superconformal blocks Q'i'^*'''t"t'* , In this section, 
we connect the M = 2 results of 26 with our M = 1 results for Q-^J'^^-^ and ^■^■^•'^'^ . 
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The SU{2)j symmetry implies that when we take the (pip OPE we get representations 
3(8)3 = 1©3©5, i.e. the RHS can have representations / = 0, 1,2, of SU{2)i. When 
we consider the {(pipipip) four-point function, the contributions thus can be labeled by 
the / = 0,1,2 values of the intermediate operators. Following [26], we refer to these 
contributions as Aq, Ai, and ^2, respectively. The SU{2)i symmetry implies that the 
various four-point functions in {(pipipip) are governed by the group theory of Clebsch-Gordan 

we absorb Aq's Clebsch, |, into its normalization): 



coefficients (following 
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^A^=2|00*;00* 

qM=2\JJ;JJ 

QN=2\JJ;<j><t>* 



^2, 

A0 + -A1 + -A2, 

2 6 

2 
^0 + 3^2, 



(5.11) 



An 



-A. 



The functions Aq, Ai, and A2 get independent contributions from each possible J\f = 2 
superconformal multiplets that can appear in the intermediate channel of the cpip OPE. 
Since the supercharges have / = |, each contributing Af = 2 superconformal multiplet 
has operators with different / values, that can potentially contribute to all three A/=o,i,2- 
A variety of A/" = 2 supermultiplets and their ^0,1,2 contributions were presented in 26 . 
We will apply (5.11) to their results to determine the multiplet's contribution ^•™=2|<!^</';0*'?^*^ 
gjV=2\<f>4>*-M* ^ gM=2\jj;jj^ ^^^^ gM=2\jj-H\ Decomposing the A/" = 2 multiplet into multiplets 
under the M = 1 subalgebra, these M = 2 superconformal blocks decompose into sums of 
M =1 superconformal blocks. The case g^=^\<t"l>*-M' ^ gM=i\H''M* ^as presented in |16), 



and here we'll similarly discuss a few simple examples of (5.11). 

One class of examples are the shortened M = 2 multiplets containing at most twist 
A - £ = 2 operators. Quoting [26] (with g^f^ = (-2)-^^^'^J), these have 

4(2£ + 3)(2£ + 5) (512) 

Ai = gA=i+3i+i, A2 = 0. 

An example in this class is the M = 2 conserved current multiplet (5.10), which corresponds 
to setting £ = — 1 in (5.12). Another example in this class is the M = 2 stress-energy tensor 
multiplet, corresponding to £ = in (5.12); this M = 2 multiplet contains the A^ = 1 



stress-tensor multiplet (3.1) together with the A/" = 1 current multiplets of SU{2)i. We 
see from (5.11) that, since A2 = 0, no operators in this class contribute to ^•'^=2|'/"/';0*'/'*. 
Their contributions to ^•'^=2|</'</'* ;</"/■* g^ with the decomposition of these J\f = 2 multiplets 
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into M 



1 multiplets and the results of 16 , as was presented there. The blocks given 

£ + 2, contain only a single M 



in (5.4), (5.5), (5.7), (5.8) for this case, A 



block, 
gA=e+2,e and ^^^^^2,^ = gA=i+2,£- The result ( |5.11[ ) and ( |5.12[ ) for ^A=/+2f/'^ ^^^ 
contain contributions from two A/" = 1 real multiplets in the M = 2 multiplet, 
with primary components Ca=£+2/ and C^a=£+4^+25 and the relative coefficient in (5.12) 



pjj-jj 

5='A=£+2,£ 
^A=l+2/ 



accounts for the M = 2 relation among their OPE coefficients. 

To quote a more complicated M = 2 representation multiplet, the contributions to the 
conformal blocks from the multiplet of operators and descendants when the primary has 
i?^=2 = 0, / = 0, for general A and £, is [26 



A, 



1 (A 



+ 2f 



l)(A + £ + 3) 



5'A+2,£+2 



+ 



+ 



(A- 



5'A+2,j 



16(A-£-l)(A-£+l 

(A + £ + 2)2(A 



Ai 



256(A - 

9A+1/+1 + 9^+1,1-1 + 
(A - £)2 



+ l)(A + £ + 3)(A 
(A- 



^-1)(A 
+ 2)2 



16(A + £ + l)(A + £ + 3) 



+ 1) 

fl'A+3 



5'A+4,£ 



(5.13) 



+ 



A, 



16(A 

5'A+2,£ 



-1)(A 



+ 1 



"S'A+a,^-!, 



Using (5.11), we can read off the contributions to Q ^ from this representation. The case 

and decomposed there in terms of the M = 1 blocks. 



7A^=2|< 



was considered in 



16 



The other cases in (5.11) can be similarly analyzed. 



6. Discussion & Conclusion 

The current-current (s)OPE J'{zi)J'{z2) can have only real R^^"^ = operators of even 
spin i and their descendants on the RHS. For non-Abelian groups, odd-£ real operators 
can also contribute, proportional to the group's structure constants fabc- The constraints of 
Af = 1 super conformal symmetry, combined with the current conservation, imply relations 
among the OPE coefficients, essentially giving the super-descendant coefficients in terms of 
those of the super-primaries. 

We also gave the basic A/" = 1 superconformal blocks for Q^ I and Q^ I . These are 
analogous to the ^^ ^ ' 



superconformal blocks given in 16 and the Q'^f described 
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in 17 . The blocks are analogous, but different, illustrating that there are no universal 



superconformal blocks. In the M = 2 case, we discussed how these cases can be related 



using the SU{2)j Clebsch-Gordan coefficients and the results of 26 . 

We will explore some possible applications of the current-current OPE and supercon- 
formal symmetry to general gauge mediation of SUSY breaking in our upcoming paper [7]. 
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Appendix A. The (super) conformal algebra (and sign conventions) 

This appendix both reviews standard material, and also attempts to give a consistent set of 
sign conventions. The literature contains many sign conventions (some with inconsistencies) 
for the conformal, supersymmetry, and superconformal algebras, so we will here elaborate 
a bit on our notation. (Our signs agree with e.g. |27|.) There are several places where sign 
errors can crop up. One is a standard, but often obscured, sign difference when bosonic 
generators A are replaced with differential operators A acting on the coordinates, 

[A,0] = -AO. (A.l) 

This is familiar from quantum mechanics, where [H, O] = —ihdtO, even though H can be 



replaced with T-L = +ihdt. The sign in (A.l) accounts for the fact that transformations 



compose in the opposite order when acting on the coordinates. Indeed, defining another 
transformation [B, O] = —BO, with B the corresponding differential operator, the differen- 
tial operators compose in the opposite order 

AB{0) = [A, [B, O]] = -[A, BO] = -B[A, O] = BAO. (A.2) 



So [[A,B],0] = -[A,B]0, which is consistent with (A.l) with [A, B] = C and [A,B] = C 



Many references, however, do not make a notational distinction between what we're calling 



A vs A. This issue is compounded in supersymmetry, see also 28 for a very recent careful 



discussion. As standard, we follow the conventions of Wess & Bagger 29 . The Q analog 



of (A.l) in ||29i] notation then has an i but, potentially confusingly, in 29 no notational 



distinction is made between the operator vs the differential operator. In addition, the metric 
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of 29 is rifj,„ = diag(— 1, 1, 1, 1), with Hamiltonian H = P^ = —Pq, so now [Pq, O] = +ihdoO 
and Vq = —ihdo. We'll elaborate on these and related points in what follows. 

Recall (see e.g. fis]) that conformal transformations x^ — )■ x'^ = (gx)^ are such that 
dx' dx'^ = VL^ [x)'"^ dx ^dx^ . Beyond translations and rotations, this includes dilatations 



X, 



Ax^, with Vt^[x) = A^ , and special conformal transformations, x' = {x ^—bf^x ) / il^ (x) , 
with Q'J = 1 — 2b ■ X + b'^x^. An operator is called (quasi-)primary if it transforms under all 
conformal transformations as 0{x) — )■ T{g)0{x), where 



{T{g)Onx') = n^{xt-D] ( K, = n^^ ) 0^{x 



dx'^ 



(A.3) 



where i labels the operator's representation D* of the Lorentz group, and A^ is the op- 
erator's scaling dimension. For rotations and boosts, Q^{x) = 1 and (A.3) is the standard 



Lorentz transformation of operators, with TZf^^ the rotation or boost. For dilatations 



•^^a 



TZ^na = ^uoL, so D) is the identity, and (A.3) is the standard scaling of operators with their 



scaling dimension A^. For special conformal transformations only, (A.3) proves restrictive, 
distinguishing the primary operators from the descendants. 



On the LHS of (A.3) we've transformed both the operator and the coordinate, but we 



should replace x ^ g ^x on both sides of (A.3) to get how the transformation acts on just 
the operator. For example, the Poincare generators act on the coordinates as x^ — ?■ x'^ = 



g{x^), and act on operators as g : C*(x) — )■ 0'\x) = {U{g)0{x)U{g) 



-l\i 



Di{g)0{g-\x)), 



with U{g) the appropriate unitary transformation. Under general translations of operators 



forward by a^, via opposite action on the coordinates, ga '■ x^ ^ x^ 
C(x) ^ 0\x) = U{a)0{x)U{a)-^ = C(x^ + a^'), with U{a) = e 
[P^, 0(x)] = idfj,0{x). So the differential operator, as in (A.l), is V^ 



a^, then ga : 

P^ai^ _ We then have 

—id,,. The minus 



sign in (A.l) and order reversal in (A. 2) are related to the g ^ action on the coordinates. 
The dilatation generator acts on the coordinates as gs : x^ ^ e~^x^, Q^^{x) 



e*^, so 



gs : C(x) -^ U{5)0{x)U{6)-^ = e^°^0{e^x), where U{6) = e'^^. This implies [D,0] = 
—i{/S.o + X ■ d)0] hence the differential operator is V = i{Ao + x ■ d). Now g^ga '■ 0{x) — ;■ 
0{x + a) ^ e^o^O(e^(x + a)) = g^s,,gsO{x), so U{6)U{a) = U{e^a)U{e), which implies 
[Pfj^,D] = iP^. The differential operators indeed correspondingly satisfy [V^,V] = iV^. 



We can likewise take U{b) = e 



-iKab'' 



to generate special conformal transformations, and 



consider f/(6)f/(*) vs U{-k)U{b) to get [-K"^,^]. In sum, this yields the conformal group, 
that's isomorphic to 5*0(^,2) in d dimensions: 

[M^^, Pp] = i{rippPy - rjypPp), [M^^, Kp] = i{rippKy - rj^^pK^), 

[Mp^, Mp„] = i{rippMy„ - r]ypMp„ + rj^^jM^p - ilp^Myp), 
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[D,P, 



-iP. 



fj.) 



[D, K;\ = iK^, [K^, P,] = 2i{'n^,D - M, 



fiU )l 



where M^^, are the SO{d — 1, 1) Lorentz generators. Commutators not given are zero. 
On a quasi-primary multi-component field Oi{x) we have 



[P^,Oj{x)]=td^Oj{x) 



[D, Oiix)] = -tix ■ d + ^o)Oi{x) 



[M^,, Oiix)] = tix^d, - x,d^)Ojix) - Oj{x)ii 



'fj.iyj It 



(A.4) 



[K^, Oi{x)] = lix^d^ -2x^x-d- 2Aox^)Ojix) + 2{s^,YjX^Oj 



where {sp^^Yi are the appropriate finite-dimensional spin matrices obeying the M^^ algebra. 



As an illustration of the order reversal in (A. 2), consider [K^, [P^, (9(0)]] and compare 
that to [P^, [Ky, C^(0)] on a scalar primary operator at the origin. The latter vanishes, since 
Ky annihilates the scalar primary at the origin. That is compatible with [P^, [K^, C^(0)] = 
}(^uVfiO{0) and P^ = —id^ and IC^ = —i{x'^diy — 2x^x-d — 2AoXu). The opposite order prop- 
erly gives a non-zero result, [K^, [P^, C]]|x=o = 'P,i}CuO\x=o = 2Aor]tiuO{0) = -2i'q^yVO\x=Q. 

We define the supersymmetry fermionic variations of operators as 

5^0 = i[iQ + m,0] ={iQ + lQ)0, (A.5) 

where the i after the first equality insures that, if O is real, then so is ^g0|j In the second 
equality that i is absent, and we use the superspace differential operators of [29] , 

d . „ ,.,„ , ^ d 



Qa 



dO' 



KJ'"d^ and Q, 



dO"^ 



+ ^0"<ad,. 



As in (A. 2), the differential operators compose in the opposite order. Note that 



(A.6) 



(A.7) 



the last sign looks off, but it'll be OK, since ( |A.5 ) gives (with [k,Q,^Q] = K,°'^'^{Qa,Qa}) 

{5j^ - 5^5^)o = -{K^r - Cf^niiQa, Qa}, o] = -{K^r - r/^°)2a^ [p^, o], 

and also 

consistent with [P^, O] = —V^O. In short, if we use the notation of [29] for the fermionic 



generators, the analog of (A.l) is 



Q{0) = [Q,0} = -iQO. 



(A.8) 



^Recall [iQy = ^Q in 



29 



notation, where £_Q ee e,°'Qa = -faQ" = Q^, and ^Q = ^^Q" ^ -^"Od = OC- 
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For a chiral superfield, $ = + \/29il> + ■ ■ ■ , with Qa{^) = 0, we have Qa{4>) = —iV^i'a 

etc. For a real superfield J' = J + i9j — i9j-\ , we find e.g. Qa{J) = ja and Qa{J) = —Ja- 

The superconformal algebra includes the usual supercharges Qa, Qa, superconformal 
supercharges, S", 5", and the f/(l)/j-current generator R. The superconformal algebra 
includes, in addition to the conformal-algebra commutators, 

{Qa, Qa} = 2a^ P^, {S", S'^} = 2a^""ir„ 

{Qa, S"} = -zia^a^fM,, + 6f{2zD + 3R), 

{S\ Q^} = -z{a^crn%M^. - 5''^{2iD - 3R), 

~2^Qa, [-L',Qa\ = ~2^Qa, [^ , '^ 



[D,Qa] = 

[R,Qc 



2*5'", 



—Qa, [R,Q 

[K^,Qa] = 
[P'^, S^] = - 

[M^u, Qa] -- 



^a. 






[D,S-] 
[P, 5"] = S", [P, S'^] = -^" 



2^5'°, 



^^laa 



Qc 



la 



fiua 



[M^u, S^] 



-iO-..„J^Si3, 



fiua 



[M^., Qa 
[M^., Sa] 



-^ao 



a 



Qc 



ia ^.Q 

fiu a 



/?' 



ia .Sn. 

fiu a P 



The action of the superconformal generators on superfields was given in 11 in a very 



efficient and compressed notation, so we'll unpack it a bit here, and write the variations 



as differential operators acting on superspace, with the —1 of (A.l) for the bosonic gen- 



erators and the —i of (A.8) for the fermionic generators. The Vn, Qa, and Qa are as 



given in (A. 6) and (A. 7). The V and JCn operators include Grassmann additions to the 



expressions found from (A. 4), e.g. dilatations act as gs : 0{x,9,tl) -^ e 
e^°0{e^x,e^/^9,e^/^9), which gives [D,0] = -VO with 

1 



iSD 



0{x,9, 



iSD 



V 



^■'^n're^'ls 



A 



For a U{1)r transformation, qr : 0{x, 9, 9) — )■ e 
so [P, O] = -no with 

'JZ = -ro + 9 



laR 



0{x,9,9)e 



-iaR 



e'''"^0{x,e-'''9,e'' 



d 



d 
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Finally, the special superconformal generators act on superfields as in (A.5), 

5:,0 = i\riS + r]S, O] = {'qS + f^S)0, 



(A.9) 



with S" and S" the differential operators acting on superspace, and we read off the trans- 
formation from that given in [IT]: in the notation there 
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where £ = (f ^(2+) — 2i\{z+)(j'^9)d^ + \"{z^)Da + \a{z^)D"', and s and s act, respectively, 
on dotted and undotted indices, and form, respectively, spin-j and spin-j representations 
of the algebra. Setting to zero the parameters for other transformations, we have 



-2ea^±+r], 



X' 



0J„ 



-i{f^±+r + 2te\ 


A" = ^(i+r])" + 277^^2 


- Ar^y + 25£er^, 


&-^ = -4rvp - 25^^no 


a = 29r], 


a = 2f]e, 



where x+ 
5" 



X + 2i66. In our conventions we then find 



2x-a'^"Q<i + 2r (^£ + A + ^r I + 



v+^^^"M2^ + J^ 



(A.IO) 
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